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1 Introduction. In |Pe02I| §10.3 G. Perelman gives the following theorem. 

Theorem 1 There exist e, 5 > with the following property. Suppose gij{t) is 
a smooth solution to the Ricci flow on [0, (ero)^], and assume that at t = we 
have |Rm|(rc) < r(^^ in B{xo,ro), and Yol B{xQ,ro) > (1 — (5)a;„rQ, where oJn is 
the volume of the unit hall in R". Then the estimate |Rm|(x,f) < (ero)~^ holds 
whenever <t < (ero)^, distt{x,XQ) < erQ. 

He continues: "The proof is a slight modification of the proof of theorem 10.1, and 
is left to the reader. A natural question is whether the assumption on the volume 
of the ball is superfluous." 

In this note by using the idea in the proof of Perelman's pseudo locality theorem 
(Theorem 10.1 in |Pe02Ij ) we will show 

Theorem 2 Given n and vq > 0, there exists eo > depending only on n and 
vq which has the following property. For any ro > and e G (0, eo] suppose 
{M"',g{t)) is a complete smooth solution to the Ricci flow on [0, (e^o)^] with bounded 
sectional curvature, and assume that at t = for some xq G M we have curva- 
ture bound |Rm|(x,0) < r^ for all x € i?g(o)(xo, tq), and volume lower bound 
Vol3(o) (5g(o)(xo,ro)) > uor-o- Then |Rm|(x,t) < (ero)"^ for all t £ [0, (ero)^] and 
X e Bg(t){xQ,erQ). 

In §2 we will give a proof of Theorem [2] using two technical lemmas which will be 
proved in §3. In §4 we will give an example which shows that the curvature bound 
in Theorem [2] is false without the assumption Volg(o) (^g(o)(^0; '^o)) ^ '^'o'^o- 

2 Proof of Theorem [2j First we give a proof of Theorem [2] assuming Proposition 
[1] below. Then we will prove the proposition. 

Proposition 1 Given n and vq > 0, there exists eg > depending only on n 
and Vq which has the following property. For any tq > and e G (0, eo] suppose 
{M"',g{t)) is a complete smooth solution to the Ricci flow on [0, ero)^] with bounded 
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sectional curvature, and assume that at t = for some xq G M we have curva- 
ture bound |Rm|(x,0) < r^'^ for all x € i?g(o)(a;o, ro), and volume lower bound 
Volg(o) (5g(o)(2;o,ro)) > -uoT-o- ^^en |Rm|(x,t) < (ero)"^ for all t E [0, (ero)^] and 
X e Bgi^Q^ (xo,e"-^ero). 

Proof of Theorem [2j It suffices to prove the following statement. For the solution 
g{t) in Proposition [T] we have 

(1) Bg(^) {xq, ero) C ^^(o) (xq, e"~^ero) for any t G [0, [er^f]. 

If dH) is not true, there is a point x € -6^(4) (xo,ero) \ -Bg(o) (xo, e"~^ero) . Let 7(s), 
< s < So, be a unit-speed minimal geodesic with respect to metric g{t) with 
7(0) = Xq and 7(^0) = X. Then sq < ero, and there is a si G (0, so] such that 
7(si) e d{Bg^Q^ (xo,e""^ero)) and 7([0,si)) C -Bg(o) (xq, e""^ero) . In particular, 
the length satisfies 

(2) ^5(o)(7l[o,si]) >e"-^ero. 

Prom the curvature bound |Rm|(x,t) < (ero)~^ in Proposition [1] and the Ricci 
flow equation, we have 

|7 (5)1^(0) < e^""'^ all t e [0, (ero)2] and s £ [0, si]. 

Hence we have 

i,(0) (7l[o,si]) < |7'(s)|^(,) < e"-i • so < e^-'ero- 

This contradicts with ([2]), and ([T]) is proved. The theorem is proved assuming 
Proposition [TJ □ 

In the rest of this section we give a proof of Proposition [TJ 

Proof of Proposition [TJ After parabolically scaling the Ricci flow g(t) by r^'^, it 
suffices to prove the proposition for ro = 1 which we assume from now on. Suppose 
the proposition is not true, then there are n, vq > 0, a sequence of e^ ^ 0+, and a 
sequence of complete smooth solutions to the Ricci flow {M^,gi{t)) , t G [0, e^], with 
bounded sectional curvature such that the following is true for each i: 

(i) I Rmg. |(x,0) < 1 for ah x G Bg^(o)(xoi, 1). Here xoj G Mj. 

(ii) Volg,(o) (Sg^(o)(xoi,l)) > vq. 

(iii) There are ti G (0, ef] and Xj G i?g.(o)(xoi, e"~"'^ei) such that | Rm^. \{xi,ti) > e^^. 

(iv) ei < 

To get a contradiction from the existence of sequence {{Mi, giit))} , we need the 
following point-picking statement whose proof is simpler than the proofs of the 
point-picking claims used by Perelman in [Pe02I] . §10.1. Let Ai = ^gg;^. 
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Claim A. Fix any i, there are points {xi,ti) € Bg^(^Q^{xQi, {2Ai + e" x (0,6^] 

with Qi = I Kuig- \ {xi,ti) > such that 

I Ruig^ \{x, t) < AQi for all (x, t) G 5g^(o) (x^, AiQT^''^'^ x (0, t^]. 

Proof of Claim A. Let = | Rm^. | (xj, tj). If {xi,ti) from (iii) satisfies the 
curvature bound of the claim, i.e., 

iRm^^ \{x,t) < 4Q0 for all G ^^^(o) (x^, ^^(QO)-!/^^ x (0,ti], 

we choose {xi,ti) = {xi,ti) and the claim is proved. 
If {xi,ti) does not satisfy the curvature bound of the claim, then there is a point 

{x},t}) G i?,^(o) [xi,Ai X (0,ti] 

such that I Rmg^ li^j^tj) > AQ'-. We compute using Q'- > e^^ 

c^5»(o)(2;i,a;oi) < rfg,(o)(a;i,a;oi) + A (Q°) 
<e"-ie, + ^,e, <(2^, + e"-i)e,. 

If {xj,tj) satisfies the curvature bound of the claim, we choose {xi,ii) = {xj,tj) and 
the claim is proved. 

If {xj,tl) does not satisfy the claim, let Qj = \ Rm^. \{xj,tl), then there is a point 

such that I Rm^. \ {x'f,tf) > iQj. We compute using Qj > AQ^ 

< (e"-i + A,)ei + A, ■ < + e"-^)e.. 

If {xf,tf) satisfies the curvature bound of the claim, we choose {xi,ii) = {xf,tf) and 
the claim is proved. 

If {xf,tf) does not satisfy the claim, then there will be a point {xf, tf) and we can 
continue the above process of arguments. Hence for each i either we get a finite 
sequence points {{x^ , t^)}^'^^ where {x^,t^) = {xi,ti) such that the claim holds by 
taking {xi,ti) = or there is an infinite sequence of points {{x^^ , t^)}'^^Q 

which satisfies the following. Let = | Rm^. then for each integer A; > 



3 



such that I Rm^^ > 4Qf. 

Now we show that for any i there can not be infinite sequence {{x^ ,t^)}'^Q from 
which the claim fohows. We compute 



< 



< e""i6. + A, (QO)-^/' + A, {Q}y'/' + --- + A, (q^)"'^' 

< e"-iei + AiCi + Ai^Ei + ■ ■ ■ + Ai^a 

where we have used Q'I^^ > AQ'y > 4'^+^(5-' > i'^'^^e^. For any fixed i, from Ai 



iQQ^^ . and < j-k^, we conclude that is in the compact set 5^.(0) (xoi, 1) x 

[0, e|] for all k. On the other hand we have 

lim I Rmg^ > lim i^e^^ = oo, 

fc— »oo fe— ►oo 

which is impossible. Now Claim A is proved. □ 

Let {xi,ti) be as given by Claim A. We divide the rest proof of Proposition [1] into 
three cases according to the value of 

(3) limi_ooij • I Rnig. \ {xi,ti) = a 

equals to infinite, positive finite number, or zero. We will derive contradictions in 
all three cases. 

Case 1. a = +oo. From Claim A and the choice of Ai = ^qq^^ . , by switching to a 
subsequence we have U < e^, limj^ooii • I \ {xi,ti) = oo, and (i^^(o)(xi, xoi) < |. 
In particular, Bg^(o)(xj, |) c Bg^(^o){xoi, 1). 

From the assumption (i) and (ii) of the contradiction argument and the Bishop- 
Gromov volume comparison theorem there is a constant vi > 0, depending only on 
n and vq, such that 

1^ 



VolgUO) [BgM y^Oi^^J j > ^1- 
Since ball -6^,(0) {xi, ^) contains ball -^^^(o) {xoi: j) we have 

(4) Yolg^^o)[Bgm[xi,l^^ >vi. 

Let (5 = Jo > be the constant in Theorem 10.1 in |Pe02Ij corresponding to a = 1. 
Applying Lemma[T] below to metric 4(7j(0) and ball B^g.(Q-^{xi, 1) = -B^^j-q) (xj, we 
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conclude that there is a ri < ^, depending only on n, 60 and vi but not depending 
on i, such that 

(5) Area,^(o) (dnT > (1 - ^o) c„ (Vol,^(o) (f^))""' 

for all regular domain J7 C 5g,(o) ixi,ri). 

Let ra = min jn, ^7^^}, and let gi{t) = ir2)-'^giiir2ft), 0<t< {r2Y'^e\. It 

follows from assumption (i) that the scalar curvature Rg.{-,0) > —1 on Bfi.(^Q^{xi, 1). 
It follows from ([5]) we have 

Areag^(o) {dnT > (1 " -^o) c„ (Volg^(o) (1^))""' 

for all regular domain 0, C Bg.f^Q^ (xj, 1). 

For z large enough we can apply Theorem 10.1 in |Pe02I] to {Bg^{Q-^ (xj, 1) ,gi{t)^, 
< t < (r2)~^e^, and conclude 



|Rm^J {x,t) <- + 
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for all t £ (0, (r2)~^ef] and x £ Bg^^^i^{xi, (r2)~^ej). Equivalently we have 

|RmgJ(x,t) < 7 + ^ 

for all t G (0, e?] and x € Bg.(i~^{xi, Cj). In particular 

- 1 1 2 
|Rmg.| < - + ^ < - 

''i €j f-i 

for all large i. This contradicts with the assumption of Case 1 that a in ([3]) is 
infinity. 

Case 2. Q G (0,00). Let gi{t) = Qigi{{Qi) ^t),t£ [0,ii], where ii = QiU. Let bo 
be a constant bigger than ^(n — 1)(q + 1) + 1 to be chosen later (see (jlip below). 
By passing to a subsequence we have 

(2i) iRm^J {x,t) < 4 for ah x £ Bg^^Q) {xi,Ai) and t £ [0,*^]. 
(2ii) iRmgJ {xi,ii) = 1- 

(2iii) |Rmg.| (x,0) < for all x £ Bg^^Q) {xi,Ai). 

(2iv) ii<a + 1, k ->a, Ai> 2e''("-i)("+^)6o, and ^ cx). 

Applying Lemma [2] to ^^(i) with 6 = 69 we get a function hi : M, x [0, tj] — > [0, 1] 
such that support 

supp/ii(-,t) C ^Xi,26o - y(n - l)tj C %(o) 
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and 

(6) f ^ - Ag^^t)) h, < ^h,. 



Recall the curvature Rnig^ of Ricci flow gi{t) satisfies 
Now we compute the evolution equation of hi |Rm^. |^. 



|2 



< /i, |Rm^,r + hi [-2 I RmgJ^ + 16 [Rm^J^j + ^ |RmgJ • /i,;^^ [V^, Rm^J 



where we have used 



|v,./>.l = ^|v,<i,(.,(-.*)l,s^"P 



and iRnig. | < 4 on supp hi{-,t). Here (f) is the function defined in the proof of Lemma 

m 

Let Ui = hi |Rmg-p. We have proved 

d \ fW \ 320 

on Mi X [0,tj]. 

Let Hi > is the backward heat kernel to the conjugate heat equation on (Mj, gi{t)) 
with t G [0, ti] centered at Xj, i.e., 



d_ 

di 



■7^ + ^g.-R9.]H^ = 



lim Hi {x,t) = dxi- 



6 



Note that /^^, Hi{-,t)dfi^^(^t) = 1- 
Now we compute 
d 



dt 



UiHidfi^^ 
d 



^ft) H.dug^ + j^^ Ui ((^ + - ^5,) df^g^ 

/lO A /" , 320 

Hence it follows from a simple integration that Ui (t) = Jjyj UiHidfj,^- satisfies 



f +64 « , 320 / f +64)i 



(7) C/i(i)<eV^o ;f/,(0) + ^ ^ e^"" 



for t E [0,fi]. 
By the definition of hi we have at t = t j 

(8) Ui (ii) = u, {xi,U) = ^ |Rni~j2 ^ 1^ 

On the other hand we have 

U, (0) = [ hi (x,0) |Rm^j2 (^^Q) (^^Q) 



< / \Rm^f{x,0) Hi {x,0)dfi, 

<Qi^ [ F,(x,0)(i/i^^(o) 

J A/, 



where we have used support supp/ij (-,0) C -^^^(o) i^i^ 26o) in the first inequality and 
(2iii) in the second inequality. Hence we have 

(9) UiiO) < Qf. 

By combining ([ZD, ([5]), and ^ we get 
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Hence 



(f +64)(a+l) 320 (i|+64)(a+l) 



(10) l<eV''o ) (3,r +7 N — eV^d 



1 + 64162 



Let 

(11) 6o = max{^(n - l)(a + 1) + 1, 3e33("+i)} 



'0 



^(i|+64)(.+l) 



For such choice of ftn we have -? r — e^''o ' <%.■ (1101) is impossible since 



Qj — > oo. Hence we get the required contradiction for Case 2. 

Case 3. q = 0. The proof for this case is similar to the proof of Case 2. Let 
9iif) =F Qi9i{{Qi) t), t ^ [0,ii], where ii = Qiti. By passing to a subsequence we 
have 

(3i) |RmgJ (x,t) < 4 for all x £ %(o) ixi,Ai) and t G [0,^^]. 
(3ii) |RmgJ {xi,ii) = 1. 

(3iii) |RmgJ (x,0) < Q,"^ for all x G Bg^(o) (xj, Aj). 
(3iv) ii < ii ^ 0, > 4e2, and Ai oo. 

Applying Lemma [2] to gi(t) with 5 = 2 we get a function /i, : Mi x [0, tj] — > [0, 1] 
such that support 

supphi{-,t) C %(t) (^Xi,4- y(n- l)t^ C%(0)(xi,^i) 



(12) (|-A^^(,)j/.,<^/i, 



and 



We compute 



d_ 

dt 



|2 

|Rm^j2 ^ J^_2 |v,^ Rm^j2 ^ -^g |j^^^^|3^ ^ 2^/10 iRm^J • /i,^/' |Vg, Rm^J 
133 

< — /I, iRm^^ |2 - 2/i, I Vg, Rm^^ 1^ + 8^ h'/^ | Vg, Rm^, | 
<lp (/i,|Rmgj2^+80 
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where we have used 



and |RmgJ < 4 on supp/ii(-, t). 

2 

Let Ui = hi |RnigJ . We have proved 

d 



A^^ J u^ < 67ui + 80 
on Mi X [0,ii]. 

Let -ffj > is the backward heat kernel to the conjugate heat equation on (Mj, gi{t)) 
with t e [0,ti] centered at Xi which satisfies fj^j, Hi{-,t)d^fj^(^£^ = 1. We compute 



4: / UiHidfig^ 

M, 



dt 



< / {67ui + 80) H.dfi^^ 



= 67 / UiHid^lg^ + 80. 

Hence it follows from a simple integration that Ui (t) = Jj^j UiHid^g^ satisfies 

80 

(13) Ui it) < e'-^'U (0) + - (e^^* - l) 

for t E [0,ii]. 
At t = ti we have 

(14) Ui (U) = Ui {xi,ii) = cP ^Xi!i_ll!ij |Rm^j2 ^ 

On the other hand by an argument similar to the proof of ^ we have 

(15) Ui{0) < Qf. 

By combining (fT3|) . (fn|) . and (fTSj) we get 

This is impossible since ti — > and Qi ^ oo. Hence we get the required contradiction 
for Case 3. 
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Now we have finished the proof of Proposition [TJ □ 

3 Proof of two technical lemmas 

In the proof of Proposition [1] we have used the following two lemmas. Intuitively 
the first lemma says that if a ball of radius 1 has bounded sectional curvature and 
is noncollapsing, then the isoperimetric constant on small certain size ball is close 
to the Euclidean one. Note that the next lemma and essential the same proof are 
also given by Yuanqi Wang [W] . 



Lemma 1 Given n, vq > 0, and 6q > 0, there is r > 0, depending only on n, vq, 
and 6o, which has the following property. Let B (xq, 1) he a hall in Riemannian 
manifold {M'^,g) which satisfies 

(I) The closure B [xq, 1) is compact in M ; 

(II) The Riemann curvature |Rm| < 1 on B{xq,\), and 

(III) The volume Vol {B (xq, 1)) > > 0. 
Then we have 



n-l 



(16) Area {d^f > (1 - 5q) Cn (Vol (17)) 

for all regular domain Q, C B {xQ,r). Here Cn = n^cjn is the isoperimetric constant 
for Euclidean space. 

Proof. Step 1. Injectivity radius bound. Under the assumption of Lemmadl by a the- 
orem of Cheeger-Gromov- Taylor ( [CGTj . Theorem A. 7) there is a > depending 
only on n and vq such that for any x ^ B (xq, ^) we have inj^ > lq. 

Step 2. Metric tensor on ball B {xq, 1). Let x = (x*) be the normal coordinates at 
xq. It follows from a result of Hamilton ( |CCCY| . Theorem 4.10 on p. 308) that for 
any e > there is Aq = Aq (n, e) such that metric tensor 

(17) {l-e)5ij<g^.j<{l + £)5ij. 

for all |x| < Aq. Note that {5ij) is Euclidean metric in the coordinates (a^*)- 

Step 3. Approximation argument. Let r = minj^o, Aq}. Now we consider a regular 
domain (Z B (xo,t). We compute 

\o\g {n) = j ^det {g,,j) -dx^ ... dx"" 

< j ^(l + e)"det {5ij) ■ dx\ . . dx"" 

= (l+e)"/'VolEuc i^)- 

Let {9a}aZi be an orthonormal frame of (9f], (^jj)lgQ) at some point x and let {0*} 
be the dual frame. The area form da^g^ j-^, j at x is given by 0| A ... A 0^_^. The 
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area form da^g^^ g^^^^^ at x is given by ^det (5 (^^a, 6'6))(„_i)x(„-i) • 6*1 A ... A 6';_i. 
We can estimate 

^det(5(^a,e6))(„_i)x(„-i) > V(l-er'det((5,,)(0„^,)) = (1 - e)^"-^)/^ , 
hence 

Area.i^^ (^f^) = 

= (l_e)(-i)/2AreaEuc (50). 

Now we compute 

'Area^i^^ f (1 - AreaEuc (517)' 



(Vol.(f^))"-^ - ((l + e)«/2VoW(f7)'""' 



(n— 1) n 



(AreaEuc (917))" 



l + ej (VoIeuc (17))" 

(n — 1) n 

> ( ^ I c. . 



+ e 

Given Sq we choose e such that 

{n — l)n 

l-e 
1 + e 

this in turn requires us to choose the corresponding Aq {n,e) to ensure (|17|) . Then 
Lemma [1] holds for r = min{io, Aq}- □ 

The second lemma is about the existence of an auxiliary function. 

Lemma 2 Let {M^,g{t)), t G [0,t], be a solution of Ricci flow. Letb be a constant 
bigger than ^{n — l)i + 1 and let A be a constant bigger or equal to 2e^^'^~^^^b. We 
assume that closed ball Bg(Q-^[x, A) C M be a compact subset and that \ Rm \ {x, t) < 4 
for all [x, t) G -6^(0) [x, A) x [0,t\. Then there is a function h : Bg(^Q-^{x, A) x [0, i] — > 
[0, 1] such that for each i G [0, i] the support 

supp/i(-,t) C Bg(^t){x,2b - y(n - l)t) C Bg(^Q){x,A) 



and for all {x,t) e M x [0, t\ 



11 



Proof. Let </> : R — > [0, 1] be a smooth function which is strictly decreasing on the 
interval [1,2] and which satisfies 



(18) 
and 



1 if s G (-00, 1], 
ifsG[2,cx)), 



(19a) {cP'{s)Y < 10<A(s), 

(19b) (p"{s) > -10(^(s) 

for s G M. We define for any t £ [0, T] 

'dg(t) {x,x) +at\ 



h {x, t) = <p 



where a and b are two positive constants to be chosen. Note that supp/i(-,t) C 
Bg(t) (^,26 - at). 

By the curvature assumption we have Bg(^^^{x,e~^^'^~^^^'A) C i?g(o)(x,A) for all 
t G [0,t\. We choose 2b < e'^'^"-''^'^^ A so that supp/i(-,t) C ^^(o) ix,A). 
Let w{x,t) = '^9[t){^^^)+o.t ^ compute 



^<i)'{w) }( d ^ \ ^ , , \ 10 ^ 

- b \\Jt~ ^) + °J + ;^ ^- 

Choosing a such that at < 6 — 1, then for x G Bg(^fj{x, 1) or x ^ supp/i(-,t) we have 
(j)' (w) (x, t) = 0. Hence for such x we have 

For X ^ ^g(t) (^i, 1) and x G supp h{-,t), we use Lemma 8.3(a) in |Pe02Ij with tq = 1 
and K = 4 and get 



d 



t=to 



X , 2 1 \ 11, 

> -(n - 1) ( -Kro + -]=- — {n- 1). 



By choosing a = — (n — 1) we obtain using cj)'{w) < 

d . \ , 10 , 
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The lemma is proved. 



□ 



4 An example. In this section we give an example showing that the volume lower 
bound assumption in Theorem [2] can not be dropped. Let r be an arbitrary positive 
constant. Let {Y? ,g^) be a sphere which contains a round cylinder S^{r) x [—1,1] of 
radius r and length 2. We have \o\go(Ti) > iirr. We assume volume Volgo(S) < 20r. 
Let (Ti'^ , gr{t)), t £ [0, T^.), be the maximal solution of Ricci flow with gr{0) = g^- 
Then 

Tr = — VoLo(E) G ( -r, —r . 

Let p G S^{r). Then xq = {p, 0) is a point in S. For any eo we can choose r small 
enough so that % < eo- Clearly we have |Rm| (x, 0) = for all x £ Bg^^Q){xo, 1) and 
Volgo(i?g^(o)(2^0) 1)) < 47rr. For any e G (^r, T^), should the conclusion of Theorem 
[2] holds for gr{t), we would have |Rm| {xQ,e) < < 4r~^. Since e is arbitrary, 
we have limt^j;, |Rm| {xo,t) < 4r~^. However it is well know that limit should be 
infinity. Hence Theorem [2] does not hold for grit). 

By taking the product of {T,'^,gr{t)) with flat torus we get high dimensional exam- 
ples. 
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